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A B S T R A C T

This work proposes a centroidal Voronoi tessellation (CVT)-based site investigation scheme, which is applicable
to arbitrary site geometries and arbitrary numbers of investigation locations. A modified Lloyd algorithm is
developed to generate CVT-based site investigation programs. With the data from prior site investigations, the
random field statistics of a site property are estimated using a Markov chain Monte Carlo simulation-based
Bayesian inference approach, and the site property at each location is estimated using Kriging interpolation. The
performance of the CVT-based site investigation programs and optimization are demonstrated using two illus-
trative examples, namely, a square site and an irregular site.

1. Introduction

In geotechnical engineering, important site properties may include
the soil density, compression index, friction angle, permeability, and
liquefaction potential, among others. These properties could be crucial
for many engineering applications. The fact that site properties are
spatially variable has long been recognized by geotechnical engineers
and researchers [1–5]. The spatial variability of a site property could
result from various factors, such as fluctuations in material constituents,
random alignments during the transport and deposition of soil grains,
variable historic loading conditions. The main aim of site character-
ization is, for structure design purposes, to characterize the geo-
technical ground model, including to determine or estimate the values
of a site property at every location within the site, and to distinguish the
distribution of soil layers to which those parameters may be related.
Hence, this process has become an essential task for many geotechnical
engineering applications.

Despite the spatial variability of site properties, the values of a site
property at all locations are generally correlated with or dependent on
each other. Such autocorrelation features provide a good basis for the
development of site characterization approaches. One option is to treat
the site characterization problem as a function approximation task
consisting of existing data. In this fashion, Samui and Sitharam [6]
applied an artificial neural network model to map the standard pene-
tration test results at every site location and took existing data from
borehole measurements as training inputs. Another category of

approaches that is more prevalent than others is known as random field
(RF) theory, which has been shown to be rather effective in modeling
spatially variable and autocorrelated site properties [7–12]. The ap-
plication of RF theory has already led to numerous excellent studies in
geotechnical engineering. For example, RF theory has been applied to
simulate soil properties in probabilistic stability analyses of slopes and
footings [13], to model the hydrodynamics of seabed pipelines [14], to
evaluate static liquefaction in dilative sand fill [15], to conduct the
areal mapping of the effectiveness of soil compaction [5], and to de-
lineate contaminated areas [12].

By using RF theory, the values of a site property at every site lo-
cation can be discretized into a list of random variables. These random
variables are constrained by a probability distribution type, a spatial
autocorrelation function, and the corresponding statistical parameters
(e.g., mean, standard deviation, and scales of fluctuation). Site char-
acterization thus determines the RF statistics associated with a parti-
cular site property. Generally, site characterization is a multistep pro-
cess that can be divided into six stages: (1) desk study, (2) site
reconnaissance, (3) in situ investigation, (4) laboratory testing, (5) in-
terpretation of site observation data, and (6) inference of soil proper-
ties, rock properties or underground stratigraphy [16]. Among these
stages, the in situ site investigation is the primary stage. At this stage,
the site properties are measured at designated locations so that the site
properties at every other location within the site can be approximated
based on selected characterization models [17].

The accuracy of site characterization is significantly affected by the
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extent of the in situ site investigation program. The acquisition of ad-
ditional site investigation data generally results in more accurate site
characterization results. However, only a small portion (e.g., on the
order of 1/100,000 or less) of the total site area/volume can typically
be sampled for a practical engineering project due to the required
commitment of financial and human capital [18–21]. It thus becomes a
challenging and demanding problem to achieve a balance between the
site characterization accuracy and site investigation effort. In fact, in-
creasing amounts of research have recently been performed on opti-
mizing site investigation programs. For example, Gong et al. [22] de-
veloped a maximum likelihood approach to characterize soil property
statistics and thus to optimize the site investigation program in terms of
the improved prediction of tunneling-induced ground settlement. Li
et al. [23] presented an approach using 3D Kriging for geotechnical
sampling schemes and Monte Carlo methods for probabilistic slope
stability analyses to investigate the optimum sampling locations and
cost-effective design of a slope. Gong et al. [24] developed a biobjective
optimization framework for improving site investigation programs by
considering the robustness of characterized statistics and the number of
site investigation locations. Yang et al. [25] compared the performance
of nine different schemes (i.e., with various locations, spacings and
depths of monitoring sections) at characterizing the spatial variability
of soil properties for a slope problem using a probabilistic back-analysis
framework.

Usually, site investigation programs are designed to follow some
regular pattern. For example, due to the simplicity in its implementa-
tion, a structural grid of investigation locations is commonly used (e.g.,
[26–29,24]). Nevertheless, despite the recent progress achieved in the
optimization of site investigation programs, most of the aforementioned
studies were only concerned with site investigation programs based on
regular patterns; such programs could have at least two limitations.
First, the number of investigation locations may not change con-
tinuously. Taking a square isotropic site as an example, an investigation
program using a 6× 6 mesh grid would result in 36 investigation lo-
cations, while a program using a 7× 7 mesh grid would result in 49
locations. There is a considerable jump in the number of locations from
the grid of 6× 6 to that of 7× 7, whereas the optimum site investigation
program could exist with a grid somewhere between 6× 6 and 7× 7.
Although a program with an anisotropic mesh grid (e.g., 5× 7, 6× 7,
5× 8, or 6× 8, see Fig. 1a) could be adopted, such programs may not be
optimal for an isotropic site because they are not uniformly distributed
in each dimension [30,23,25]. Second, it is not straightforward to apply
a structural grid to a site with an irregularly shaped domain geometry
(see Fig. 1b). There could exist situations in which the soil properties of
an irregularly shaped site are to be characterized (e.g., structures with

irregular layout, or airport, public square, farms with irregular geo-
metries). There is, however, rare literature or techniques on designing
site investigation programs with an arbitrary number of investigation
locations or arbitrary site geometries. To approach such gap, in this
work, centroidal Voronoi tessellation (CVT) is utilized to derive site
investigation programs. CVTs partition a plane into regions based on
the distances to points in a specific subset of the plane [31]. CVTs have
been extensively applied in image compression, quadrature methods,
finite difference methods, resource distributions, cellular biology, sta-
tistics, and the territorial behavior of animals [31]. In this work, the
centroids of CVT cells are taken as site investigation locations. Such a
CVT-based site investigation program is advantageous because it can
accommodate an arbitrary number of investigation locations and is
applicable to arbitrary site geometries. To evaluate the performance of
the resulting CVT-based site investigation programs, two types of ro-
bustness, (1) the signal-to-noise ratio (SNR) of characterized RF statis-
tics and (2) the SNR of the Kriging-interpolated site property at every
location, are employed. The results are compared with site investiga-
tion programs containing random investigation locations or structural
grids. The optimum site investigation program is then approached using
the obtained CVT-based site investigation programs through a biob-
jective optimization process.

The remainder of this paper is structured as follows. Section 2
briefly presents the theories pertaining to site characterization, in-
cluding RF theory, the theory of Kriging interpolation, and the back-
calculation of RF statistics. Section 3 describes the Lloyd algorithm
employed to generate the CVT-based site investigation programs and
the robustness metrics used to evaluate the performance of the devel-
oped site investigation programs. Section 4 reports the results of the
CVT-based site investigation and optimization for two illustrative ex-
amples, namely, a square site and an irregularly shaped site. Section 5
presents some further discussions and Section 6 summarizes the con-
cluding remarks of this work.

2. Site characterization

2.1. Random field theory

One primary objective of site characterization is to map the site
properties of interest onto the site domain. In this respect, RF theory
provides an effective way to model spatially variable site properties at
every site location. Herein, the site property of interest is assumed to
present as a stationary RF process such that its statistical properties
(i.e., the mean, standard deviation and scales of fluctuations) are con-
stant over the entire field. By using RF theory, the site domain is

Fig. 1. Limitations of site investigation programs with structural grids: (a) an anisotropic site investigation program with a 5× 7 structural grid and (b) a site with an
irregular domain geometry. The background contour plot represents the soil friction angle (generated hypothetically based on RF theory), and the crosses indicate
the investigation locations of a site investigation program.
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discretized into a mesh so that the site property is approximated by a
finite set of random variables. Each random variable associates with a
mesh element and defines the site property within that element. For
simplicity, the midpoint method, which was first introduced by Der
Kiureghian and Ke [32], is adopted in this work for site discretization
and approximation. In other words, the site property within a mesh
element is assumed to be constant and equal to the site property at the
centroid of that element.

Let s x( ) denote the RF process of the site property of interest,
where x represents the spatial coordinates and = …s s s s[ , , , ]n1 2 re-
presents the site property at n mesh elements. Considering a two-di-
mensional case with a Gaussian distribution, the RF statistical para-
meters include the mean µ, standard deviation , scale of fluctuation in
the x direction x and scale of fluctuation in the y direction y. The
random variables s thus conform to a multivariate Gaussian distribu-
tion

s N µ C~ ( , ) (1)

such that the joint probability distribution could be given as

=f s
C

s µ C s µ( ) 1

( 2 ) det
exp 1

2
( )

n

T1

(2)

where C represents the covariance matrix, in which each component is
given as =Cij ij

2, and ij represents the correlation between the
variables i and j. A simple exponential correlation function, which is
adopted in this work, could be given as

= +( , ) exp 2x y
x

x

y

y (3)

where x and y are the separation distances between the centroids of
elements i and j projected onto the x and y directions, respectively.

2.2. Kriging interpolation

Given the values of a site property at certain locations (e.g., mea-
sured from prior site investigations), the mapping of this site property
becomes a conditional random field (CRF). Kriging theory provides a
way to estimate the joint probability distribution of the CRF. Denoting
the values of the site property at measured locations xp as known data
sp, the site property values sn at unmeasured locations xn follow a
multivariate Gaussian distribution given as

s s N µ C~ ( , )n p n p n p (4)

in which

= +µ µ C C s µn p n np pp p p
1

(5)

=C C C C Cn p nn np pp pn
1

(6)

where C represents the covariance matrix and the subscripts n and p
indicate the indexes of measured and unmeasured locations, respec-
tively. Here, the components of the covaraiance matrix C are calculated
in the same way as those in Eq. (2). Then, the joint probability dis-
tribution is calculated as

=f s s
C

s µ C s µ1

( 2 ) det
exp 1

2
( ) ( )n p

n
n p

n n p n p n n p
T

1

(7)

Directly sampling the realizations of the random variables s from
the joint probability distribution given in Eq. (2) or Eq. (7) could be
difficult if there is a large number of random variables. In this respect,

some simple yet effective methods, such as the covariance matrix de-
composition method or Hoffman method [33–35], can be used to
generate such autocorrelated (and conditional) random variables. An-
other option is the Markov chain Monte Carlo (MCMC) simulation
method [36,37,24], which will be briefly described in the following
section.

2.3. Back-calculation of random field statistics

With prior data from site investigations, the RF statistics of the site
property of interest are determined for a site characterization task.
While the mean and standard deviation of a site property can be esti-
mated using a moment-based approach [38,24,4], the scales of fluc-
tuation are much more difficult to estimate. The scales of fluctuation
are often characterized using empirical approaches. A simple and useful
first approach is to estimate the semivariogram from the available data
and optimally fit the estimated semivariogram with a theoretical
semivariogram [39,4].

Due to the limited availability of information from previous site
investigations, it is not always possible to obtain the actual values of the
mean, standard deviation, and scales of fluctuation. The deviation be-
tween the estimated and actual values is called the statistical un-
certainty. There are two schools of thoughts on how to model such
statistical uncertainty [38]: frequentist thought and Bayesian thought.
In the work of Ching et al. [38], it was indicated that Bayesian thought
in general performs better than frequentist thought in terms of con-
sistency. In particular, the MCMC method is recommended when the
amount of information is very limited. In this work, Bayesian thought is
adopted to estimate the RF statistics based on the data from previous
site investigations.

Following the Bayesian inference framework, the probability of

observing site property sp, denoted as f s ,p , can be given by

=f s
C

s µ C s µ1

( 2 ) det
exp 1

2
( )p

n
pp

p pp p
T1

(8)

where sp represents the observed values of random variables s at in-

vestigation locations xp and repents the RF statistics (i.e.,

= µ, , ,x y] in this case). Then, the posterior probability density

function (PDF) of the statistics of the geotechnical property, denoted as

f sp , can be computed following [24] as

=f s kf s fp p
(9)

where f represents the prior PDF of the RF statistics and k re-

presents a normalization factor that guarantees unity for the cumulative
probability.

Additionally, realizations of statistics could be sampled using a
MCMC simulation Gilks et al. [36], Li et al. [37], Gong et al. [24]. The
MCMC simulation procedure based on the Metropolis-Hastings algo-
rithm is available from the aforementioned studies and is briefly pre-
sented below for completeness.

Step 1 Initialize the starting point of the Markov chain with arbitrary
values of variable , which could be calculated from empirical
approaches or estimated from empirical experience.

Step 2 Sample a candidate realization from a jump function

f . In this work, the jump function is assumed to have a

multivariate normal distribution with a mean and preset

L. Huang, et al. Computers and Geotechnics 118 (2020) 103331

3



covariance matrix C .

Step 3 Calculate the ratio
f s

f s

p

p

, where f sp and f sp are

the posterior PDFs of and , respectively (see Eq. (9)).
Step 4 Sample an acceptance ratio from a uniform distribution of U

(0, 1).
Step 5 Determine whether the candidate realization is acceptable: if

min , 1
f d

f d
, then the candidate realization is ac-

cepted and = ; otherwise, the candidate realization is
rejected. Note that numerical truncation errors could exist for

small f d or f d . This situation could be improved by

using a log transformation such that

= f d f dlog log log
f d

f d
[24].

Step 6 Repeat steps 2–5 until a target number of realizations is ob-
tained.

3. Site investigation programs

3.1. CVT and the modified Lloyd algorithm

Recognizing the limitations of structural grid-based site investiga-
tion programs, a novel site investigation scheme based on CVT is pro-
posed in this work. A Voronoi tessellation (sometimes also called a
Voronoi diagram) constitutes the partitioning of a plane into regions
based on the distances to points in a specific subset of the plane [31].
Often, the points are called Voronoi seeds, and the regions are called
Voronoi cells. Each Voronoi seed corresponds to a Voronoi cell, which
consists of all points closer to that seed than to any other. CVT is a
special type of Voronoi tessellation in which the seed of a Voronoi cell is
also its centroid (i.e., the arithmetic mean or center of mass). CVT can
change the topology of the mesh, leading to elements that are more
nearly equilateral. A number of algorithms can be used to generate
CVTs, including the Lloyd algorithm [40], probabilistic methods [41] or
quasi-Newton methods [42]. Among these methods, the Lloyd algo-
rithm is simple yet remains the most widely used and is thus adopted in
this work. The procedures of the Lloyd algorithm are described as fol-
lows.

Step 1 Initialize n Voronoi seeds with random positions in the site
domain.

Step 2 Compute the Voronoi diagram (i.e., the polygon vertexes of
Voronoi cells) based on the current positions of the n seeds.

Step 3 Compute the centroid of each Voronoi cell.
Step 4 For each Voronoi cell, reposition the Voronoi seed according to

its corresponding centroid.
Step 5 Repeat steps 2–4 until a convergence criterion is reached.

In reference to step 2 in which the Voronoi diagram is computed,
algorithms such as the sweepline algorithm can be used [43]. There are
also built-in functions in commercial software (e.g., voronoi in Matlab)
or open-source packages (e.g., scipy.spatial.Voronoi in Python) that are
available for such a task. Note that most algorithms (e.g., voronoi in
Matlab) are developed to compute the Voronoi diagram for an infinite
space (see the graph sketched in Fig. 2a). Herein, a simple modification
is proposed for computing Voronoi diagrams that are bounded by a
finite site domain. First, four auxiliary seeds that are far from the site
domain are added to the original list of Voronoi seeds. For example, the

points on the left, right, top and bottom sides of a domain centroid with
a separation distance of five times the domain range in the x or y di-
rections can be used as auxiliary seeds (see Fig. 2b). Then, a Voronoi
diagram is computed based on the new list of Voronoi seeds for an
infinite space. Next, for each Voronoi cell corresponding to the original
list of Voronoi seeds, the polygon intersection between the Voronoi cell
and the site domain is computed. Finally, a bounded Voronoi diagram
(see Fig. 2c) is obtained by replacing the Voronoi cells with the corre-
sponding polygon intersections.

Regarding the convergence criterion, this work adopts the condition
that is triggered when the summation of all distances between the seeds
and centroids normalized by that of the initial configuration falls below
a preset threshold (e.g., 1e-8 in this work). It should be noted that the
Lloyd algorithm may not be particularly efficient in terms of con-
vergence, although it is simple to implement. Both the number of seeds
and the site geometry could have an effect on the convergence rate of
the Lloyd algorithm. For CVTs with a large number of Voronoi seeds,
the Lloyd algorithm may converge slowly. One option to accelerate the
convergence is to over-relax the seeds by moving them times the
distance to their corresponding centroid. Typically, a value that is
slightly less than 2 could be used for .

3.2. Robustness of a site investigation

To evaluate the effectiveness of a site investigation program, some
metrics that can quantify the site characterization accuracy are re-
quired. Unfortunately, the geotechnical community has not commonly
accepted a quantitative, consistent, spatially sensitive method for such
purposes [18]. One option, as proposed by Lloret-Cabot et al. [44], is to
evaluate the reduction in the spatial uncertainty relative to the original
(unconditional) RF by comparing the input variance and the estimation
(i.e., Kriging) variance, both as a function of position. Another similar
proposal is to use the prediction variance reduction factor (PVRF) [12].
The PVRF is calculated by first obtaining the average prediction var-
iance across the site and then evaluating the change in this average
variance upon drilling and sampling at a new borehole location. To
consider both the variance and the mean of the RF, Gong et al. [24]
adopted the signal-to-noise ratio (SNR) of the RF statistics to evaluate
the site investigation robustness and further applied it to the optimi-
zation of site investigation programs.

This work also adopts the SNR to quantify the site characterization
uncertainty and to evaluate the robustness of site investigation pro-
grams. For a particular random variable, the SNR is defined as [45,24]

=SNR
µ

10log v

v
10

2

2
(10)

where µv and v represent the mean and standard deviation of this
random variable, respectively, and the subscript v is used to indicate
any arbitrary random variable v. Herein, two types of robustness are
considered: 1) the robustness of the characterized RF statistics and 2)
the robustness of the characterized site property at every location
within the site (hereafter referred to as the point site property). The
robustness of RF statistics is calculated as

= + + +SNR w SNR w SNR w SNR w SNRµ µ1 x x y y (11)

in which

=SNR
µ

10logµ
µ

µ
10

2

2
(12)

=SNR
µ

10log10

2

2
(13)
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=SNR
µ

10log10

2

2x
x

x (14)

=SNR
µ

10log10

2

2y
y

y (15)

where the subscripts µ, , x , and y represent the mean, variable, scale
of fluctuation in the x direction, and scale of fluctuation in the y di-
rection, respectively, and w w w, ,µ x , and w y are the corresponding
weights. In this work, all these weights are taken as unity for simplicity.
The robustness of the point site property is calculated as

= =
= =

SNR
n

SNR
n

µ1 1 10log
i

n

s
i

n
n p i

n p i
2

0 0
10

,
2

,
2i

(16)

where µn p i, and n p i, are the mean (i.e., Eq. (5)) and standard deviation
(i.e., Eq. (6)), respectively, of the characterized site property at every
site location xi based on Kriging interpolation, n is the number of mesh
elements in the RF discretization, and i indicates the element index.

4. Illustrative examples

In this section, the performance of the CVT-based site investigation
programs will be evaluated using two illustrative examples, including a
square site and an irregular site. In both examples, the friction angle is
characterized, and the hypothetical fields of the friction angle gener-
ated by RF theory are used for illustration purposes. To generate the
hypothetical fields of the friction angle, the sites are first discretized
into quadrilateral meshes. Then, the friction angles of every mesh ele-
ment are determined using midpoint approximation [32] and Cholesky
decomposition [33]. The RF statistical parameters used to generate the
hypothetical fileds of the friction angle are as follows: mean µ =35°,
standard deviation =5.25°, and scales of fluctuation in the x and y
directions ,x y =25m, respectively. First, the detailed CVT, MCMC
simulation, site investigation and optimization results will be presented
using the square site example. Then, similar analyses are conducted on
the irregular site example to address the applicability and performance
of the CVT-based site investigation scheme for a site with an irregular
domain geometry.

4.1. CVT and Lloyd algorithm results

The square site example involves a square geometry with a width of
60m. The aim of site investigation is to characterize the friction angle
of the soil at this site. First, the CVT and Lloyd algorithm results are
presented. Fig. (3) shows three CVTs that are computed from three
different initial configurations with 15 seeds. For each initial config-
uration, the 15 seeds are randomly placed throughout the site domain.
Three primary observations can be made based on these results. First, a

CVT with a certain number of seeds is not necessarily unique; there are
multiple CVT solutions whose layouts basically depend on the initial
configuration of the seeds. Second, two different initial configurations
may lead to the same CVT, as indicated by the first two CVTs in Fig. 3.
Finally, although there are multiple CVT solutions, the centroids of the
final CVTs all form a rather systematically ordered distribution within
the site domain. As will be illustrated later, systematically ordered site
investigation programs could improve the site characterization accu-
racy.

Another point of interest for the CVT and Lloyd algorithm is the
convergence profile. In this regard, the residuals (i.e., the summations
of all distances between seeds and their corresponding centroids nor-
malized by the distance at the initial stage) as a function of the iteration
number are plotted in Fig. 4. The residuals are obtained from the three
CVT calculation trials with 15 seeds discussed above, as already shown
in Fig. 3. At the very beginning, the Voronoi tessellations experience
great changes (e.g., some edges of a Voronoi cell could vanish, and new
edges could be generated). Thus, the residual-iteration plot exhibits
some fluctuations at this very beginning stage, after which the Lloyd
algorithm roughly follows a linear convergence trend, and the layouts
of the Voronoi tessellations are gradually finalized.

To obtain insight into the effects of the seed number on the CVT and
Lloyd algorithm, the results of one example CVT with 100 seeds and the
corresponding convergence profile are presented in Fig. 5. The 100
centroids of this CVT do not precisely form a 10× 10 structural grid,
which is another CVT solution. This is consistent with the fact that there
are multiple CVT solutions for a certain seed number. For the con-
vergence profile in the residual-iteration plot, the case with 100 seeds
also presents a linear trend towards convergence.

Finally, the convergence rates of the Lloyd algorithm for different
numbers of seeds are analyzed. For this purpose, the slope of the re-
sidual-iteration plot in the semilog diagram is calculated and defined as
the convergence rate. A series of CVTs is generated with different
numbers of seeds ranging from 10 to 100. The convergence rate as a
function of the number of seeds is depicted in Fig. 6. The convergence
rate deceases with an increasing number of seeds. The convergence rate
and the number of seeds roughly follow an exponential relation, and the
number of iterations required to compute a CVT with a given number of
seeds can be estimated based on this fitted empirical relation. For ex-
ample, the convergence rate of the Lloyd algorithm for 40 seeds is
approximately 0.01, which requires approximately 800 (i.e., 8/0.01)
iterations to achieve a residual of 1e−8. It should be noted, however,
that the exact number of iterations required to generate a CVT is de-
pendent on the initial configuration and is not a unique value.

4.2. Results of the MCMC simulation

With the data obtained from a site investigation, the RF statistics
can be estimated using Bayesian inference (i.e., Eq. (9)) and an MCMC

Fig. 2. Usage of auxiliary seeds to generate bounded Voronoi tessellations in the Lloyd algorithm: (a) Voronoi tessellation without auxiliary seeds, (b) Voronoi
tessellation with auxiliary seeds, and (c) the final bounded Voronoi tessellation.
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simulation. In this work, the prior PDF of the RF mean is assumed to
follow a normal distribution, and the prior PDFs of the other RF sta-
tistical parameters (i.e., the standard deviation and the scales of fluc-
tuation in the x and y directions) are assumed to follow lognormal
distributions. However, in a practical implementation, a logarithmic
form for these RF statistical parameters is used. The means of the prior
PDFs for the RF mean and RF standard deviation are specified as

=
=

µ
n
1

µ
p i

n

i
1

p

(17)

=
=

µ
n

µln 1
1

( )
p i

n

i µln
1

2
p

(18)

where µµ and µln represent the means of the prior PDFs for the RF
mean µ and RF standard deviation ln , respectively, is the friction
angle of the investigated site location, and np represents the number of

investigated locations. For the scales of fluctuation in the x and y di-
rections, the means of their prior PDFs are taken as half of the site
dimension (i.e., 30m), as suggested by [24]. The standard deviations of
the prior PDFs for the RF statistics are calculated as their corresponding
means multiplied by a scale of 0.1. The settings of the Bayesian in-
ference and MCMC simulation are summarized in Table 1. Note that
some studies have also used uniform distributions for the prior PDFs of
RF statistics [38]. As suggested by [24], the prior PDFs of RF statistics
could be determined based on empirical knowledge or experience ob-
tained from the particular site of interest. The specific settings used in
this work are adopted for illustration purposes.

The jump functions in the MCMC simulation take the same forms as
their corresponding prior PDFs. First, the results of an MCMC simula-
tion for the sampling of RF statistics are presented (Fig. 7). In these
figures, 10,000 samples are accepted from the MCMC simulation. The
accepted samples are widely spread throughout the sampling space,
indicating that the MCMC sampling scheme is rather effective. The
MCMC requires an initial burn-in stage to stabilize. Herein, the first
5,000 samples are considered burn-in samples and are discarded. In
addition, for the later 5,000 samples, one sample is extracted from
every 5 samples as real samples of the RF statistics following a boot-
strap sampling scheme [46,38]. Eventually, 1,000 samples of the RF
statistics are obtained from the MCMC simulation process.

Histograms of the RF statistic samples are shown in Fig. 8. The re-
sults show that the samples of the RF mean can be effectively fitted by a
normal distribution, and the samples of the RF standard deviation and
scales of fluctuation can be effectively fitted by lognormal distributions.
The distribution types coincide with the prior specified distribution
types, while the variances of these RF statistical parameters are reduced
as a result of the posterior constraints from known site investigation
data. It should be noted that the reduction in the variance of the scales
of fluctuation is not as notable as those of the RF mean or RF standard
deviation. This phenomenon is consistent with the findings in the lit-
erature that the scales of fluctuation are more difficult to characterize

Fig. 3. CVT computed from three different random initial configurations with 15 seeds: the top row presents the initial configurations, while the bottom row presents
the corresponding CVTs. The black crosses indicate the Voronoi seeds, and the red dots indicate the centroids. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

Fig. 4. Convergence profiles of the Lloyd algorithm for the CVTs with 15 seeds.
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than are the mean or standard deviation [22,38]. Nevertheless, the
reduction in the variance will increase if additional data are available
from site investigation.

4.3. Results of the site investigation and characterization

In this section, the performance of each CVT-based site investigation
program is analyzed. For comparison purposes, three site investigation
schemes are considered, including (1) a random layout, (2) a structural
grid, and (3) a CVT. For the random layout, the locations to be in-
vestigated are randomly placed throughout the site domain. The
structural grid adopts an ×a b layout, with a and b being the number of
investigation locations in the x and y directions, respectively. Examples
of the three different site investigation schemes with 15 investigation
locations are displayed in Fig. 9. The background contour map re-
presents the hypothetical field of the friction angle generated by RF
theory.

First, the robustness of the site investigation in terms of the char-
acterized RF statistics is analyzed. Fig. 10 shows the SNR plots of the RF

mean, standard deviation, and scales of fluctuation. All SNR plots
gradually stabilize within 1,000 samples. For all three site investigation
schemes, the characterized RF mean presents the highest robustness
(i.e., the largest SNR), followed by the standard deviation. In contrast,
the scales of fluctuation in the x and y directions similarly present the
lowest robustness. There is no notable difference among the robustness
of the three different site investigation schemes, while the robustness of
the site investigation schemes with either a structural grid or a CVT is
slightly higher than that with a random layout. These results indicate
that the robustness (in terms of the characterized RF statistics) of a site
investigation program may not be sufficiently sensitive to the site in-
vestigation scheme. Instead, other metrics (e.g., the SNR of the point
site property proposed in this work) are necessary to provide a more
thorough evaluation of the site investigation robustness.

Next, the robustness of the site investigation in terms of the char-
acterized point site property is analyzed. Fig. 11 shows the SNR con-
tours of the point site property and the corresponding histograms. In
these contours, it is observed that the areas surrounding the site in-
vestigation locations present high robustness. This is expected because
these locations should have less variance (i.e., uncertainty) due to the
strong correlation with the site investigation locations. For the case of a
random layout, the bottom right corner of the contour plot presents a
much lower robustness (see Fig. 11a) than the other contour plots due
to the sparseness of investigated locations. This phenomenon can be
clearly observed in the histogram of the point site property SNR, which
displays a considerably large portion of positions with an SNR smaller
than 18 (see Fig. 11d). For the cases with a structural grid and CVT,
similar contours of the robustness of the point site property are ob-
served (see Fig. 11b and c). A detailed investigation of these histograms
indicates that the CVT-based site investigation program results in a
more concentrated robustness distribution (the histogram profile in
Fig. 11f is narrower than that in Fig. 11e). These results also indicate
that the SNR of the point site property can reflect the local character-
ization robustness of a site property better than the SNRs of the RF
statistics.

To more quantitatively investigate the performance of these three
site investigation schemes, the overall SNR of the RF statistics and the
SNR of the point site property for each scheme are summarized in
Table 2. The structural grid and CVT schemes exhibit similar robustness
in terms of the RF statistics and outperform the random layout scheme.
In addition, the CVT scheme exhibits the best performance in terms of
the mean and standard deviation among all point site property SNRs.
These findings are consistent with the claims in the literature that site
investigation programs with systematically ordered investigation loca-
tions perform better overall than those without systematically ordered
investigation locations [30,23,25].

Because there are multiple CVT solutions for a certain number of

Fig. 5. Results of the Lloyd algorithm-based CVT with 100 seeds: (a) the final CVT and (b) the convergence profile.

Fig. 6. Relationship between the convergence rate (in terms of the slope of the
convergence profile) and the number of seeds for the Lloyd algorithm.

Table 1
Settings of the Bayesian inference and MCMC simulation.

Prior PDF model Mean of prior PDF Standard deviation of prior PDF

µ Normal Eq. (17) Mean of prior PDF × 0.1
ln Normal Eq. (18) Mean of prior PDF × 0.1
ln x Normal ln30 Mean of prior PDF × 0.1
ln y Normal ln30 Mean of prior PDF × 0.1
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Fig. 7. Results of the MCMC simulation for the sampling of RF statistics: (a) mean, (b) standard deviation, (c) scale of fluctuation in the x direction, and (d) scale of
fluctuation in the y direction.

Fig. 8. Histograms of the RF statistic samples obtained from the MCMC simulation: (a) mean, (b) standard deviation, (c) scale of fluctuation in the x direction, and (d)
scale of fluctuation in the y direction. The red curves represent the fitted normal (for the mean) or lognormal (for the other three statistics) distributions. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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seeds, different CVT-based site investigation programs may present a
different robustness. In this regard, the CVTs with 15 seeds and 100
random initial configurations are solved, and the corresponding site
characterization results are analyzed. The SNR of the RF statistics and
the SNR mean and SNR standard deviation of the point site property are
plotted in Fig. 12. In this figure, although 100 random initial config-
urations are considered, there are only 14 different solutions because
some random initial configurations converge to the same CVT solution.
The SNR of the RF statistics ranges from 60 to 63. The SNR mean of the
point site property ranges from 23 to 27, while the SNR standard de-
viation of the point site property is much more stable and fluctuates
around 2.85. The SNR mean of the point site property presents a po-
sitive linear correlation with the robustness of the RF statistics, while
the standard deviation presents no notable correlation. These results
indicate that the robustness, especially that for the SNR standard de-
viation of the point site property, of a CVT-based site investigation is
not considerably sensitive to the CVT example layout. For the following
analyses, only one example CVT with random initial seed configura-
tions will be used.

4.4. Site investigation program optimization

With the performance of different site investigation programs being
evaluated, the optimization of site investigation programs can be con-
ducted. To this end, Gong et al. [24] developed a biobjective optimi-
zation framework for improving site investigation programs by con-
sidering the SNRs of characterized RF statistics and the number of site
investigation locations. In this work, the same biobjective optimization
framework is adopted, but CVT-based site investigation programs are
used instead of structural grids. In addition, two types of robustness are
considered. The CVT-based site investigation programs with different
numbers of investigation locations ranging from 10 to 300 are con-
sidered, and their robustness in terms of the SNR of the RF statistics and
the SNR of the point site property are calculated. Fig. 13 plots the SNR
of the RF statistics for the CVT-based site investigation programs with
different numbers of seeds. When the number of investigation locations

changes from 10 to approximately 150, the SNR of the RF statistics
increases rapidly (i.e., from approximately 61 to approximately 71).
However, it only increases from 71 to approximately 73 when the
number of investigation locations changes from 150 to 300. These re-
sults indicate that it becomes inefficient to further increase the number
of investigation locations when it reaches a certain threshold (hereafter
referred to as the knee point).

Similarly, the SNR mean and standard deviation of the point site
property for the CVT-based site investigation programs with different
numbers of seeds are plotted in Fig. 14. The SNR mean increases with
an increasing number of investigation locations, whereas the SNR
standard deviation decreases with an increasing number of investiga-
tion locations and reaches a plateau when the number of investigation
locations reaches approximately 150, indicating that the SNR standard
deviation cannot be further reduced simply by increasing the number of
investigation locations. Based on these results, the optimum site in-
vestigation programs can be determined according to the knee point
method [47,22]. In this example, the CVT-based site investigation
program with approximately 150 investigation locations is regarded as
the optimum design.

4.5. Application to a site with an irregular domain geometry

To demonstrate the performance of the CVT-based site investigation
programs on a site with an irregular domain geometry, the irregular site
example shown in Fig. 1b is analyzed in this section. Similar to the
square site example, this irregular site example also considers the
friction angle and adopts a hypothetical field of the friction angle for
illustration purposes. The settings of the Lloyd algorithm and MCMC
simulation are also kept the same as those described for the square site
example.

First, some basic results regarding the CVT, SNR of the RF statistics,
and SNR of the point site property are presented for an example in-
volving a CVT-based site investigation program with 100 investigation
locations. The CVT-based site investigation program with 100 in-
vestigation locations is displayed in Fig. 15a. Also shown in Fig. 15a is a

Fig. 9. Three different site investigation schemes: (a) random layout, (b) structural grid, and (c) CVT.

Fig. 10. Robustness of the RF statistics for the three different site investigation schemes: (a) random layout, (b) structural grid, and (c) CVT.
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contour visualization of the hypothetical field of the friction angle. It
can be observed that the 100 investigation locations are scattered
throughout the site domain in a spatially ordered, systematic order; i.e.,
the density of investigation locations is uniform everywhere across the
site domain. Even the concave corners of the site can be effectively
accommodated by the Lloyd algorithm and the CVT-based site in-
vestigation scheme. With this CVT-based site investigation program, the
friction angles at the investigated locations are obtained. Then, the RF

Fig. 11. Robustness of the point site property for the three different site investigation schemes: (a, d) random layout, (b, e) structural grid, and (c, f) CVT. The top row
presents the SNR contours of the characterized site property at each location, and the bottom row presents the corresponding histograms.

Table 2
Robustness of the different site investigation schemes in terms of the overall
SNR of the RF statistics and the SNR of the point site property. ±a b indicates
the mean ± standard deviation of the SNR of the point site property.

Site investigation program SNR of the RF
statistics

SNR of the point site
property

Random 59.96 21.26± 3.72
Structural grid 61.28 24.06± 2.89
CVT 61.92 25.38± 2.75

Fig. 12. Results of the investigation robustness of the CVT-based investigation programs with 100 different initial configurations. Note that the 100 different initial
configurations only result in 14 different solutions (i.e., the 14 points in these two plots).

Fig. 13. SNR of the RF statistics for the CVT-based site investigation programs
with different numbers of seeds.
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statistical parameters can be characterized based on Bayesian inference
(i.e., Eq. (9)) and an MCMC simulation. The SNR of the RF statistics is
plotted in Fig. 15b. Similar to the square site example, the SNR of the
RF statistics becomes stable when the number of MCMC samples ex-
ceeds approximately 100 (see the plateaus of the plots in Fig. 15b). The
RF mean presents the highest SNR (i.e., the lowest uncertainty), fol-
lowed by the RF standard deviation. Again, the scales of fluctuation in
the x and y directions similarly present the lowest SNR.

A contour map of the point site property SNR at every location is
displayed in Fig. 15c. Again, the areas surrounding the investigation
locations present high SNRs (i.e., low uncertainty). A histogram of all

the point site property SNRs is presented in Fig. 15d. The SNR of the
point site property varies from 25 to 40 with a mean value of ap-
proximately 32. As the friction angle field is generated hypothetically
based on RF theory, the SNR of the point site property at each location
for the case without any prior site investigation data is theoretically
calculated to be approximately 16.5 (i.e. 10log (35 /5.25 )10

2 2 ). The effect
of a prior site investigation can be clearly identified by comparing the
SNR of the point site property before a site investigation (i.e., theore-
tically calculated as 16.5) with that after a site investigation (e.g., 32).

Then, the site investigation program is optimized. Again, a series of
CVT-based site investigation programs with numbers of investigation

Fig. 14. Robustness of the point site property for the CVT-based site investigation programs with different numbers of seeds: (a) mean and (b) standard deviation.

Fig. 15. Results of the CVT-based site investigation and characterization for a site with an irregular domain geometry: (a) a CVT-based site investigation program
with 100 investigation locations, (b) the characterization robustness of the RF statistics, (c) the characterization robustness of the point site property, and (d) a
histogram of the robustness of the point site property.
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locations ranging from 10 to 300 is considered, and the robustness of
each program is calculated. The results of the SNR of the RF statistics
are presented in Fig. 16. Similar to the square site example, the SNR of
the RF statistics presents a positive correlation with the number of in-
stigation locations. The rate of increase is rather high when the number
of investigation locations is less than approximately 120 and then re-
duces significantly after that (i.e., when the number of investigation
locations varies from 120 to 300).

Finally, the results of the point site property SNR mean and standard
deviation are shown in Fig. 17. The SNR mean presents a positive
correlation with the number of investigation locations, while the SNR
standard deviation presents a negative correlation. Similar to the SNR
of the RF statistics, as well as the results of the square site example,
there exists an knee point after which the change in the SNR results
becomes relatively mild. For this irregular site example, the CVT-based
site investigation program with approximately 120 investigation loca-
tions is adopted as the optimum program characterized by a compro-
mise between the investigation robustness and investigation effort.

5. Discussion

As the first effort of a new CVT-based site investigation scheme, the
focus of this work is to develop the methodology and demonstrate its
potential for arbitrary numbers of investigation locations and irregu-
larly shaped sites. There are several limitations in this work and need
for further study. First, in practice, usually the three-dimensional spa-
tial distribution of a soil property is required to be characterized for a
site investigation project. This fact alone causes that the optimization of

site investigation programs concerns not only the number and spacing
of locations, but also the depth of investigation. While this aspect is not
considered in this work, the current two-dimensional CVT-based site
investigation schemes and optimization framework is applicable to the
two-dimensional problems, such as the characterization of soil lique-
faction potential, compaction effectiveness, soil pH values, ground-
water level, soil contamination conditions, or the GIS-based automatic
generation of geological maps, et al. In addition, it should be noted that
in this work optimum site investigation programs are determined by
sorely considering the trade-off between the investigation robustness
and investigation effort. For the cases where there are specific restric-
tions on the investigation robustness or investigation efforts (e.g., re-
quired level of site investigation robustness, commitment of investiga-
tion budgets, indicatory sampling density based on code or standards),
the intended objectives of the optimization problem should be modified
to accommodate these specific restrictions.

Second, it is worth noting that geotechnical investigations are
usually conducted in stages (e.g., feasibility study, preliminary design,
detailed design, etc.). At each stage, additional investigations are con-
ducted in the locations characterized by the highest uncertainty. This
staged approach allows for graduate increase in the knowledge of
ground conditions and better relation to the expected soil-structure
complexity when more knowledge is available about the designed
structure at later stages of design. The staged approach is not con-
sidered in this work. Also, the current development of the proposed
method has not considered the constraints from multiple criteria, such
as the knowledge of ground conditions or soil-structure complexity,
that come with each following site investigation stage. It emphasizes on
the stationary spatial variability of the soil parameters, and is generally
applicable to the stages of ground investigation when the other criteria
(e.g., ground conditions or soil-structure complexity) are less influential
to the investigation planning.

Finally, usually various parameters, for structure design purposes,
are under investigation with a number of different testing methods
(boreholes, cone penetration test, flat plate dilatometer test, pressure-
meter test, etc.). Different parameters may need different site in-
vestigation plans due to at least three reasons: (1) different parameters
could have different spatial variability, (2) different testing methods
may have different levels of measurement or transformation errors, and
(3) different parameters require different levels of investigation ro-
bustness. Therefore, the site investigation program optimized for one
specific parameter or testing method may not be optimal for another. In
this work, spatial variability is described with factors only from soil
inherent heterogeneity, which refers to the natural fluctuations due to
geological and environmental effects (e.g., the variable soil con-
stituents, preferred alignments during the transport and deposition
processes of the soil grains). It has been assumed that the friction angle

Fig. 16. Robustness of the RF statistics for the CVT-based site investigation
programs with different numbers of investigation locations.

Fig. 17. Robustness of the point site property for the CVT-based site investigation programs with different numbers of investigation locations: (a) mean and (b)
standard deviation.
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is readily available without any measurement or transformation errors
(i.e., regardless of the testing methods). Also, while this work has fo-
cused on the friction angle as an illustrative example, the proposed
method is applicable to other parameters. In the cases where multiple
parameters are to be characterized, it becomes a multiple-objective
optimization problem with regard to the investigation robustness (or
reliability) of multiple parameters and investigation effort. The issue of
testing method effects and multiple soil parameters of interest is crucial
in practical applications and merits future study.

6. Conclusion

This paper presented a CVT-based approach for the design and op-
timization of site investigation programs. This approach is applicable to
an arbitrary number of investigation locations and to sites with arbi-
trary geometries. A modified Lloyd algorithm for the generation of
CVTs has been presented. An MCMC-based Bayesian inference ap-
proach for estimating RF statistics and a Kriging interpolation-based
approach for estimating the site properties at a particular location have
also been briefly described. The SNR of the RF statistics and the SNR of
the point site property are adopted to evaluate the robustness of a site
investigation program. The optimization of the site investigation pro-
gram is approached using a biobjective framework considering the in-
vestigation robustness and the investigation effort. Based on the results
of two illustrative examples, the following main conclusions can be
made:

1. The Lloyd algorithm for generating CVTs exhibits a linear con-
vergence profile in a semilog diagram. The convergence rate de-
creases with an increasing number of CVT seeds and presents an
exponential relation.

2. The robustness of a site investigation program can be better eval-
uated using both the SNR of the RF statistics and the SNR of the
point site property. The SNR of the RF statistics reflects the global
characterization accuracy, while the SNR of the point site property
emphasizes the local accuracy.

3. The CVT-based site investigation programs overall perform better
than those with a random layout or structural grid. Thus, it is re-
commended to apply the proposed method to sites with an irregular
geometry and to the optimization of site investigation programs.

4. The SNR of the RF statistics, as well as the SNR mean of the point
site property, increases with an increasing number of investigation
locations, while the rate of increase reduces significantly once the
number of investigation locations becomes sufficiently large. The
SNR standard deviation of the point site property decreases with an
increasing number of investigation locations and roughly reaches a
plateau once the number of investigation locations becomes suffi-
ciently large.

5. There exist knee points in the robustness plots (i.e., the SNR of the
RF statistics and the SNR mean and standard deviation of the point
site property vs. the number of investigation locations), corre-
sponding to which a CVT-based site investigation program can be
adopted as the optimum design considering both the investigation
robustness and the investigation effort.
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